Abstract. We discuss an extended Teleparallel gravity models comprising functions of scalar invariants constructed by torsion, torsion Gauss-Bonnet and boundary terms. We adopt the Noether Symmetry Approach to select the functional forms, the first integrals and, eventually, the exact solutions of the dynamics in the context of flat Friedman-Robertson-Walker cosmology. Standard perfect fluid matter, minimally coupled to geometry, is considered. Several physically consistent models are derived with related exact solutions.
Introduction
Cosmological observations such as SNeIa [1] , Baryon Acoustic Oscillations [2] and Cosmic Microwave Background Radiation [3] tell us that our Universe is fuelled by a mysterious ingredient dubbed dark energy. The role of this entity is accelerating the expansion of the Universe that, otherwise, should decelerate according to General Relativity (GR) and standard matter (non-exotic) adopted as sourcing cosmic fluid. Then, if GR is assumed to be correct, a new kind of exotic matter, which violates the energy conditions, is needed to be introduced. On the other hand, if no new material ingredient is detected at fundamental level, GR should be modified or extended in some way to fit the observed dynamics. The most well-known model, based on the idea of a further exotic fluid, is the ΛCDM where a small cosmological constant Λ is the responsible of the acceleration of the Universe [5, 4] . Even though this model fits very well the today cosmological observations [6] , it has some severe theoretical issues such as the so-called cosmological constant problem, the coincidence problem, among others (see [7, 8, 9] ). Another approach to cure these theoretical issue is assuming that GR is valid at Solar system scales and it should be modified at extragalactic and cosmological scales. In other words, GR should be revised both at UV scales (to realize Quantum Gravity) and at IR scales (to fit cosmological data). This research field is known as modified gravity and, in the last 20 years, it has been another approach to the dark side issues related to both dark energy and dark matter [10, 11] . Several alternative gravity theories have been introduced to fix the phenomenology (see [12] - [18] for some reviews). The paradigm is that GR steams out as a particular case of some generalized class of theories and further degrees of freedom, related to these alternative approaches, are aimed to fit observations without invoking new exotic matter ingredients, up to now not detected at fundamental level.
In this context, Teleparallel equivalent of General Relativity (TEGR) is an alternative and equivalent formulation of GR. This theory relies on a globally flat spacetime (zero curvature) with a non-vanishing torsion. The connection of this theory is the so-called Weitzenböck 
where B is a boundary term in the action. Since R and T differs by a boundary term, variations with respect to tetrads give the Einstein field equations. Then, TEGR has the same equations as GR, and, therefore, they give rise to the same dynamics. However, they are conceptually different physical theories, for example, in TEGR, geodesic equations are replaced by force equations. For more details about TEGR, see Refs. [19] - [30] . The above formulation is based on the pure tetrad formalism where it is assumed that the spin connection is zero. As modifications of GR have been introduced to tackle the cosmological issues, modifications and extensions of TEGR can be also assumed to address them. They have attained a lot of attention in the last years. The most popular proposal is f (T ) gravity which, instead of assuming a linear combination of T in the action, takes into account a more generic function f depending on T [31, 32] . This theory reproduces in very well agreement the current cosmological observations without evoking any dark fluid [33] - [44] . Moreover, in [45] , it was shown that f (T ) would be able to cure the tension for H 0 . Obviously, this theory is analogous to f (R) gravity [17, 18] but they are no longer equivalent due to the boundary contribution B. In the pure tetrad formalism, f (T ) gravity is not invariant under Lorentz transformations [33] . This means that two different tetrads, which determine a certain metric, could reproduce different field equations. In [46] , it was shown that one can alleviate this problem by choosing the correct "good tetrads". Another approach was introduced in [47] and further developed in [48, 49, 50] , where a full covariant version of modified TEGR has been studied. Both approaches give the same field equations.
In order to recast these two theories, recently, it was introduced an extension of f (T ) gravity which incorporates the boundary term B in the action, the so-called f (T, B) gravity [51] . Under suitable limits, this theory could become either f (R) or f (T ) gravity. Cosmological solutions and properties of this theory have been also discussed in [52, 53] . The gravitational energy-momentum pseudo-tensor of f (T ) gravity and its relations with the boundary term are discussed in [54] .
In general, this theory is a fourth-order one, so it is more suitable than f (T ) to be confronted to f (R) gravity, which if fourth-order as well. As discussed in [54] , boundary terms determine relations between the two theories also at the level of gravitational stress-energy pseudo-tensor. In this framework, it is worth considering also boundary terms in a comprehensive discussion of dynamics.
An important remark is necessary at this point. In order to consider the whole budget of degrees of freedom of a given gravity theory, one should consider all the possible geometric invariants at a given order. In [55] , this issue is considered for fourthorder gravity and then f (R) gravity is extended to f (R, P, Q) where P ≡ R µν R µν and Q ≡ R αβµν R αβµν . Such a theory is equivalent to f (R, G) where G ≡ R 2 − 4P + Q is the Gauss-Bonnet topological invariant that fixes a constraint among the other curvature invariant. Recently, the Noether symmetries for spatially flat Friedman-RobertsonWalker (FRW) spacetime in Gauss-Bonnet cosmology in f (R, G) gravity have been studied [56, 57, 58] , where the authors used the Noether symmetries as a geometric criterion to select the form of f (R, G) function. It exhausts all the possible degrees of freedom of fourth-order curvature gravity (see also [59] ).
A similar approach is possible also in TEGR. In [60] , it was introduced a generalized theory where a Teleparallel Gauss-Bonnet term is taken into account. In curvature approach, besides the above definition, it is well known that in 4-dimensions, the GaussBonnet scalar G is a boundary term. In [60, 61] , it was found that there exists a similar relation, as (1) , between the Teleparallel Gauss-Bonnet term T G and another boundary Gauss-Bonnet term B G , namely
where
Here,
is the contorsion tensor, e = det(e a µ ), and δ abcd ijkl is the generalized Kronecker delta. The two scalars T G and B G are also boundary terms in 4-dimensions, therefore they do not contribute to the field equations. However, as long as one considers non-linear terms of these scalars in the action, they contribute to the field equations. Thus, in order to recast curvature Gauss-Bonnet gravity and Teleparallel Gauss-Bonnet gravity the following action has been proposed [61] ,
where κ = 8πG N is the standard gravitational coupling, L m is any matter Lagrangian and now the function f depends on the scalar torsion T , the boundary term B, the higher-order scalar torsion term T G and finally the boundary term related to the higherorder term
, where G is the above Gauss-Bonnet topological term, the curvature Gauss-Bonnet theory is recovered. The latter theory has been widely discussed in cosmology, see for example [12, 13, 62, 63, 64, 65, 66] . Moreover, if one chooses f = f (T, T G ), one gets Teleparallel Gauss-Bonnet gravity [60] that also has been studied in the context of cosmology in [67, 68] . Assuming the gravitational Lagrangian to depend also on the boundary terms B G and B, the above theory becomes more difficult to analyze. However it enable us a way to connect all those different theories. The issue of determining the degrees of freedom of Teleparallel theories is an open issue related to the formulation of the theory, its invariances and constraints, see for example [69] . In this paper, we want to discuss cosmological solutions coming from the above theory using the Noether Symmetry Approach [70, 71] which is one of the possibilities to find out exact solutions in cosmological context (see also [72] ). Using the symmetries of a certain theory, it is possible to constraint the function f in order to find analytical cosmological solutions. This method has been used in f (T ) gravity [73] , f (T, B) gravity [53] , f (T, T G ) gravity [74] , scalar-tensor Teleparallel gravity [75] and nonlocal Teleparallel gravity [76] . The approach is useful to fix the form of the function f (T, B, T G , B G ), to find cosmological solutions and, eventually, to discuss physically reliable models (see [77] as an example).
This paper is organized as follows. In Sec. II, the spatially flat FRW cosmology for f (T, B, T G , B G ) is introduced. We derive a point-like Lagrangian by which cosmological equations are derived. Sec. III is devoted to the Noether Symmetry Approach and then some exact cosmological solutions are found for different forms of function f . Finally, Sec. IV is devoted to conclusions and outlooks.
f (T, B, T G , B G ) cosmology
Let us start our considerations assuming a flat FRW cosmology given by the tetrad e µ a = diag(1, a(t), a(t), a(t)) and the metric ds
. If the matter is a perfect fluid with comoving observers u µ = δ 0 µ , then the energy-momentum tensor is T µν = (ρ + p)u µ u ν + pg µν , where ρ is the is the energy density and p is the isotropic pressure measured by the observers u µ . The equation of state is p = wρ for the perfect fluid, where w is a constant parameter and w ∈ [0, 1] for a barotropic fluid. The parameter describes dust for w = 0, and a radiation fluid w = 1/3. The value w = −1 of this parameter corresponds to a cosmological constant. It follows from the conservation law T µν ;ν = 0 that ρ = ρ m0 a −3(1+w) , where ρ m0 is the energy density of the present universe and ρ m0 = 3Ω m0 H 2 0 . Starting from the results in [61] , the cosmological equations are
It is important to mention that, for this geometry (flat FRW with k = 0), the higherorder Gauss-Bonnet term vanishes, i.e.
, the curvature Gauss-Bonnet term and the torsion one are related as G = −T G . Hence, if we choose f = f (−T + B, −T G ), we recover the standard Gauss-Bonnet cosmology [64] . It can be easily found that, in terms of FRW metric, T , B and T G are given by
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Let us now rewrite the action (6) in a point-like form adopting the FRW metric, namely
Here λ 1 , λ 2 and λ 3 are the Lagrange multipliers that are easily found by varying this action with respect to T, B and T G , giving us λ 1 = a 3 f T , λ 2 = a 3 f B and λ 3 = a 3 f T G , respectively. Hence, the point-like action reads
which finally gives us the following point-like Lagrangian
Here, we have neglected boundary terms after integration by part. The Lagrangian has a canonical form where kinetic and potential terms can be clearly distinguished. It is worth saying again that we dealt with the variables T, B, and T G under the standard of the Lagrange multipliers. This approach allows us to reduce dynamics in view to get a canonical Lagrangian considering the constraint Eqs. (9), (10), and (11). Then we can apply the Noether symmetry approach to the above Lagrangian. The energy function associated to L is defined by
where q i (i = 1, 2, 3, 4) are the generalized coordinates, and q i = {a, T, B, T G } for the Lagrangian density (14) . Thus, the energy functional associated with (14) is
which corresponds to the 00-component of the field equations, given by (7), with the energy condition E L = 0. The variation of the point-like Lagrangian (14) with respect to the a, T, B and T G gives, respectively
which are the Euler-Lagrange equations of motion for the dynamical system given by the Lagrangian (14) . Eq. (17) is the 11-component of the field equations given by (8) .
It is easily seen for f αβ = 0, where α, β ∈ {T, B, T G }, that the equations (18)- (20) give rise to the expressions (9)- (11) for T, B and T G , and then are compatible with the above Lagrange multipliers.
Noether's symmetry approach
Noether's symmetries can give explicit forms of Lagrangian (14) where cyclic variables, and then conserved quantities exist. This fact allows the exact integration of system (17)- (20) because symmetries are first integrals. The general approach is outlined below. Let us consider a Noether symmetry vector generator
where q i = {a, T, B, T G } are the generalized coordinates in the configuration space Q ≡ {q i , i = 1, . . . , 4} of the Lagrangian, whose tangent space is T Q ≡ {q i ,q i }. The components ξ and η i of the Noether symmetry generator X are functions of r and q i . The existence of a Noether symmetry implies the existence of a vector field X given in (21) if the Lagrangian L(t, a, T, B, T G ,ȧ,Ṫ ,Ḃ,Ṫ G ) satisfies the condition
where X [1] is the first prolongation of the generator (21) in such a form
and K(t, q i ) is a gauge function, D t is the total derivative operator with respect to t,
It should be noted that both the Lagrangian L and the prolonged vector field X [1] are defined on the first jet bundle, which in this case, is given by R × T Q. It is important to give the following Noether first integral to emphasize the significance of Noether symmetry: if X is the Noether symmetry generator corresponding to the Lagrangian L(t, q i ,q i ), then
is also the Hamiltonian or a conserved quantity associated with the generator X. Now we seek for the condition in order that the Lagrangian density (14) would admit a Noether symmetry. The Noether symmetry condition (22) for the Lagrangian (14) gives rise to the following set of differential equations
. Now, assuming compatible forms of f (T, B, T G ), we can solve the above system (25) to derive the components of the symmetry vector X given by (21) . Then, we consider the following classes for the form of the function f (T, B, T G ). Here it is pointed out that ξ = c 1 , η i = 0, K = c 2 , where c 1 and c 2 are arbitrary constants, is a trivial solution of the above system in any case. That is, X 1 = ∂ t is a Noether symmetry for any form of the function f (T, B, T G ). This Noether symmetry means that the energy condition E L = 0 has to be satisfied. It is worth saying that the energy functional E L , associated with the Lagrangian, is defined, in general, by Eq. (15) . From the Noether symmetry equations, it follows that X 1 = ∂ t (time translation) is a Noether symmetry which gives the first integral I = −E L from Eq. (24), where I is a constant of motion. Then, by considering the 00-component of the field equations, we find I = 0, i.e. E L = 0.
We find that the unique solution of the above Noether equations (25) when f 0 , f 1 , f 2 = 0 simultaneously, is for n = q = 1. This is trivial because it requires f (T, B, T G ) = f 0 T m + f 1 B + f 2 T G which gives rise to the same Noether symmetry as a power-law f (T ) function. This comes from the fact that B and T G are boundary terms so that the linear form of the functions in B and T G does not introduce any change in the field equations.
In this case, for dust fluid (w = 0), the Noether symmetries for the Lagrangian density (14) are obtained as
which yields
where g and h are arbitrary function of t, a, T, B and T G , and m = . The independent Noether symmetries in this case could be written as X 1 = ∂ t and
which have the first integrals
where I 1 vanishes due to the E L = 0. These first integrals has a solution for the scale factor as
The Noether symmetry for m = 1 2
and w = 0 takes the form
which yields that non-zero first integrals are I 1 = κρ m0 α(t), i.e., α(t) = I 1 /κρ m0 is a constant, and
Using the relation (9) for T , the first integral (32) yields I 2 = √ 6f 0 . For w = −1/(2m), the Noether symmetry generator is obtained as follows
and the Noether symmetry for w = 1/(2m − 1) takes the form
where c 1 , c 2 and c 3 are constant parameters. The corresponding non-zero first-integrals of Noether symmetries (33) and (34) are, respectively,
The solution of the scale factor a(t) from the latter first integral (36) is
and the former first integral (35) gives
where a 0 is an integration constant. Using these solutions in the energy condition E L = 0, we find the torsion scalar
for the scale factor (37), and
for the scale factor (38) . Clearly the dynamical system is completely solved. Some subcases of Case (i) are interesting and give rise to further solutions. Let us discuss them.
For this form of the function f (T, B, T G ), the solution of Noether symmetry equations (25) of the dust matter (w = 0) are
that is, X 1 = ∂ t and
are Noether symmetries. Thus, the corresponding first integrals are given by I 1 = −E L = 0, I 3 = 0 and
where q = 0, 1, . In this subcase, the energy condition E L = 0 gives rise to
It is not found any solution of the above differential equations (43) and (44) yet. It follows, for w = 1/(4q − 1), that the Noether symmetries are X 1 , X 3 and
which gives
Here the energy condition E L = 0 yields
and it reduces tö aȧ 2q−3
where a 0 is an integration constant and q = 1, . The above equation (48) has a solution of the form
where a 1 , a 2 are constants of integration. For the function given by f (T, B, T G ) = f 1 B + f 2 T q G , where f 1 and f 2 are constants, we find the same symmetry (41) of this case. But, for the function f (T, B, T G ) = f 0 T + f 2 T q G , where f 0 and f 2 are constants, we have only the Noether symmetry X = c 1 ∂ t +g(t, a, T, B, T G )∂ T +h(t, a, T, B, T G )∂ B , where g and h are arbitrary functions, which gives the energy condition E L = 0, the 00-component of the field equations.
In this subcase, the Noether symmetries for w = 0, found from the equations (25) , are X 1 and
where k and h are arbitrary functions of t, a, T, B and T G . Here the first integrals for X 1 , X 2 and X 3 are I 1 = −E L = 0, I 3 = 0 and
which means
where n = 0, 1, . Now we can consider the energy condition E L = 0 to get
Pulling B 1−n from (53) and substituting it into (52), one can find that
For w = 1/(2n − 1), the Noether symmetries are same as given in the above X 1 , X 2 and X 3 by (50) with vanishing gauge term. Thus the first integral for X 2 and the energy condition E L = 0 turn out the following form
For the form of function f (T, B, T G ) = f 1 B n + f 2 T G , where f 1 and f 2 are constants, it follows the same Noether symmetries, given by (50) in addition to X 1 , exist. Otherwise, for the function f (T, B, T G ) = f 0 T + f 1 B n , we have the Noether symmetry X = c 1 ∂ t +g(t, a, T, B, T G )∂ T +ℓ(t, a, T, B, T G )∂ T G , where g and ℓ are arbitrary functions. The latter symmetry gives only the energy condition E L = 0 from the first integrals.
This case is an extension of TEGR up to a function depending on the boundary term. Here F (B) = B is the trivial case which gives rise to the standard TEGR. For w = 0, we find the following components of the Noether symmetry and the function F (B)
which means that X 1 = ∂ t and
are Noether symmetries. Thus, we find the first integrals corresponding to the above Noether symmetries as I 1 = −E L = 0, I 5 = 0, and
which give the scale factor a(t) and the B term as follows
where a 0 is a constant of integration. This is dust solution (w = 0) and it is similar of the solution (85) found in [53] , but our solution explicitly includes Noether integrals of the motion. It is worth noticing that present results are in agreement with those in [53] but they are richer because we have considered the term ξ∂ t in the generator which is not considered in [53] . For w = −1 (the cosmological constant), the Noether symmetries and the function F (B) are obtained by X 1 = ∂ t and
These have the following first integrals
As far as we know, this is a new cosmological solution. For w = 1 (the stiff matter), we find that
ln B and the Noether symmetries X 1 , X 2 , X 5 without any gauge term. These have the first integrals
3Ḃ /(3B), and I 5 = 0. Using the relation (10) for B, two of those first integrals have the form
which gives a solution for the scale factor a(t).
The components of Noether symmetry generator X = ∂ t for this case are obtained as
Then, the Noether symmetry vectors are X 1 = ∂ t and
which have the Noether first integrals I 1 = −E L = 0 and
The energy condition E L = 0 for this case becomes
For the sake of simplicity, hereafter we will study the vacuum case, i.e., ρ m0 = p = 0 and further assume some subcases.
The components of Noether symmetry generator (21) follow from the solution (67) taking q = 0, but the component η 4 is an arbitrary function of t, a, T, B and T G , that is,
which means that the X 1 = ∂ t and
are Noether symmetries. Then, we found the corresponding first integrals as I 1 = −E L = 0, I 3 = 0 and
The energy equation E L = 0, in this case, becomes
Then, using Eqs. (74) in (73), we obtain
It is interesting to take n = 1 − m in the last equation. It gives rise to
which generates solutions of the scale factor a(t) for any values of m. This case is studied in Ref. [53] but taking m = (1 − n)/2. With this choice of the power of T , we find the following Noether symmetries
where h is an arbitrary function, and n = 0. In Ref. [53] , it is found only the X 3 as a Noether symmetry. Here, it is explicitly found that there exist additional Noether symmetry vectors. The first integrals for the Noether symmetries given in (77) are I 1 = −E L = 0, I 4 = 0, and
Using the constraint n = 1 − 2m in the energy equation (74), it is explicitly seen that B = β √ T , which becomes a a + 2ȧ
where β is a constant of integration. This equation has the following solution for the scale factor
where a 0 and a 1 are integration constants. This solution is new and different from those found in Ref. [53] . Putting this solution into the first integrals (78) we have
In this case, taking n = 0 in (67), the components of the Noether symmetry take the following form
with the difference that the component η 3 is an arbitrary function of t, a, T, B and T G . Then, the Noether symmetries are X 1 = ∂ t and
Here the first integrals for X 1 and X 3 vanish, and the first integral for X 2 is
Furthermore, Eq. (87), for q = 2, takes the form
This admits the following power law solution
where a 0 = 3 (−225ℓ) 1/3 /100. For this solution, the torsion scalar T and the higher-order scalar torsion Gauss-Bonnet term T G are found as T ∼ (t 0 − t) −2 and T G ∼ (t 0 − t) −4 .
Conclusions
In this paper, we have considered an extended Teleparallel gravity where, the function f (T ) has been generalized comprising the Gauss-Bonnet topological invariant and boundary terms. In this perspective, many theories can be recovered from our approach such as curvature Gauss-Bonnet or Teleparallel Gauss-Bonnet gravity. We have not considered non-minimal couplings with scalar fields and other higher-order derivatives of torsion invariants different than the boundary terms B and B G . We have not also included the possible scalars that can be constructed from the decomposition of the torsion tensor T ax , T vec and T ten (see [49] ). However, for flat FRW cosmology, T ax = T ten = 0 and T vec = −9H 2 , so that, flat FRW cosmology for f (T ax , T vec , T ten ) will give rise to the same symmetries as f (T ) gravity. Therefore, in this space-time, the theory that we consider here, is one of the most general well motivated theories constructed from invariants by torsion tensor.
In order to deal with this dynamics, we adopted the same strategy of the corresponding curvature theory [64] searching for the Noether symmetries of dynamical system. In particular, we studied the related FRW cosmology.
Finding out symmetries allows to select the form of f (T, B, T G , B G ) function, to find out first integrals of motion and, eventually, to find exact solutions. Specifically, in FRW context, it is possible to show that f (T, B, T G , B G ) reduces to f (T, B, T G ), being B G = 0. According to the constraint given in the Noether system (25) , specific forms of f (T, B, T G ) function can be selected. For any of these functions, Noether vectors can be found and, consequently, first integrals of motions. The process allows to find out exact cosmological solutions for any selected model. Since the solutions have physical meaning, being power law, de Sitter, etc. with a straightforward interpretation, the Noether symmetries correspond to conserved quantities that, eventually, can be directly interpreted. We introduced also minimally coupled standard matter fluid in order to realize more physically consistent systems.
Specifically, conserved quantities related to the existence of Noether symmetries allow to reduce dynamics and then to get solutions starting from first integrals. Their physical meaning is related to the fact that, according the functional form of the Lagrangian, the related exact solutions can be matched with observational data. As discussed in Ref. [78] , where scalar-tensor gravity was considered, the functional forms of gravitational coupling and self-interaction potential were derived from the existence of Noether symmetries. The comparison with data, assuming as background the ΛCDM model, allowed to retain or discard solutions. Physical solutions are considered those matching the observations and capable of reproducing partially or, in principle totally, the cosmic history. In the present case, the reported solutions present power law or exponential behaviors so that, in principle, they can reproduce observed cosmological behaviors.
In a forthcoming paper, the comparison with observational data will be pursued according to the method developed in [78] . In this perspective, physically reliable Teleparallel models can be retained or excluded.
